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X-ray transition radiation can be generated by low-energy electrons traversing a periodic multilayered
solid-state nanostructure. In this paper, we investigate how the photoabsorption and electron scattering losses
affect the maximal power of that radiation, the required electron energy, and the optimal total length of such a
structure. We show that a combination of materials with high and low atomic numbers can produce an intense
x-ray radiation with very narrow spectral peaks at the atomic inner-shell absorption edges of the materials, due
to resonant anomalous dispersion of refractive index. We find that the photoabsorption and electron scattering
result in only moderate increase of required electron energy as compared with the ideal lossless case. The
photoabsorption also puts a certain “ceiling” on the required electron energy. We demonstrate the feasibility of
an inexpensive x-ray source with mega- (or submega-) eV electrons that can generate narrow-line x-ray
radiation. Its brightness can be high enough to compete with synchrotron radiation for a number of applica-

tions.

PACS number(s): 41.60.—m, 07.85.Fv, 41.75.Fr, 87.59.—¢

INTRODUCTION

An electron crossing the interface between two semi-
infinite dielectrics with different dielectric constants, £, and
&,, emits electromagnetic radiation [1]. This so-called tran-
sition radiation (TR) differs from Cerenkov radiation in that
TR is emitted even if the speed of the electron is less than the
speed of light in both materials, and from the bremsstrahlung
in that TR is not attributed to the change of the electron
momentum. TR can be greatly enhanced by using a periodic
multilayer medium (the so-called resonant TR) [2-5] instead
of a single interface, see Fig. 1. Spatial intensity distribution
of resonant TR is conical, with most of the intensity at each
particular wavelength N concentrating near a certain emis-
sion angle 6 measured from the electron velocity. Each TR
spatial mode with a number  has a different resonant angle
6, related to the wavelength N\ and to the electron velocity
v by the resonant condition

€2 cos 6,=c/v—r\/l, (1)

where &= (\/e,l,+ \e,l,)/I is the mean refractive index
of the medium, /; and [/, are the thicknesses of different
individual layers, and /=1,+1, is the spatial period. Equa-
tion (1) provides the condition for a constructive coherent
interference of electromagnetic waves generated at different
interfaces, at a distant point [see below, Egs. (12) and (12")].
The coherent interaction was explicitly demonstrated in the
experiments [6] with a small number of layers, relatively
high electron energy Ey~17-200 MeV, and /> \. Further-
more, in most of the research on the resonant TR, even more
energetic, ultrarelativistic electrons with energies Eq~200
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MeV-50 GeV are used [2,3,7-9], which correspond to an
even larger ratio I/\ [which scales as ~(E/mc?)?].

On the other hand, with the presently available technolo-
gies, periodic multilayered structures can be readily manu-
factured with a spatial period on the nanometer scale (we
will call them nanostructures), thus providing an opportunity
to use much Jower electron energies to obtain resonant TR as
was proposed in Ref. [10] (see also [11,12]). In particular, it
was shown [10] that with spatial period /<500 A electron
energy of a few tens of keV, or even lower, satisfies the
condition (1). Experiments with such multilayer nanostruc-
tures are further facilitated by the fact that they are well
explored and conventionally used as x-ray mirrors in the
same frequency domain [13]. We will show that for
E,~0.5-5 MeV the optimization of the TR efficiency at
absorption edges yields optimal medium periods that are
somewhat longer (~1000—1500 A) but still orders of mag-
nitude smaller than the thickness of the foils (and most of
their spatial periods) used in the majority of TR experiments.

In the previous work [10-12], resonant TR was treated
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FIG. 1. The configuration of resonant TR.
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without taking photoabsorption and electron scattering into
consideration. In solids, however, too slow electrons
(E¢<50-100 keV) may be ineffective because of electron
scattering. In this paper we show that, fortunately, a moder-
ate increase in the electron energy above this level will ren-
der the loss of electrons insignificant. After taking both pho-
toabsorption and electron scattering into consideration [14],
we obtain the optimal range of electron energy (10°—107
eV), the optimal total thickness of the superlattice, and maxi-
mal radiation for each given frequency w. We show that up
from E 4~ 100-200 keV, the effect of photoabsorption of TR
is stronger than that of electron scattering for most materials
and frequencies. Indeed, the photoabsorption length is of the
order of micrometers at wavelengths about 10 A [15],
whereas the half-critical length for electron scattering [16—
18] is of the order of micrometers at Ey=100 keV and rap-
idly increases to millimeters at E,=1 MeV. When the elec-
tron energy increases, the radiation at each frequency
increases as well [3]. However, due to photoabsorption [14],
increase in electron energy above a certain “ceiling” does
not result in the increase of TR output. For typical absorp-
tion, this energy “ceiling” for A>10 A is 2-15 MeV.

TR is generated due to the difference in dielectric con-
stants of adjacent layers, so that radiation power is propor-
tional to [£;(w)— &,(w)]?. Therefore, dispersion of the ma-
terials strongly affects the radiation intensity and spectrum.
In systems utilizing ultrarelativistic electrons [7-9], light el-
ements with small atomic number are used as radiators
whereas air is a spacer. To employ low-energy electrons,
solid-state nanostructures have to be used [10]. Since
|e — 1] is roughly proportional to the electron density, which
increases with the atomic number, heavy elements (i.e., those
with large atomic numbers) as radiators and light elements as
spacers can provide a larger quantity |e;—e&,|, at least at
short wavelengths. Using materials with large atomic num-
bers is further justified by the fact that many absorption lines
of these materials fall within the soft-x-ray domain, 0.1-2
keV [15], although these structures can also be used for the
applications requiring harder x-rays, e.g., with energy
~30-35 keV needed for multiple-energy computed tomog-
raphy (see Sec. VII), in which case K shells can be em-
ployed.

One of the major factors we consider here (see Sec. III) in
applications to TR in solid-state nanostructures is the pro-
posed use of very narrow spectral resonances of the dielec-
tric constant of the atomic inner-shell (in particular, K, L,
and M shells) absorption edges of the constituent materials.
It is well known that due to photoionization of bound elec-
trons, the absorption spectra of atoms in the x-ray domain
show almost discontinuous jumps at the so-called absorption
edges. This phenomenon is widely used in the experimental
research and spectroscopic and radiation sources technology.
However, a related phenomenon of strong resonances of a
real component of dielectric constant & at the absorption
edges has never, to the best of our knowledge, been used in
application to radiation sources. The resonant dispersion can
result in & significantly exceeding 1 at a resonance [in con-
trast to its regular plasmalike behavior in the x-ray domain,
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whereby e(w)<1]. This strongly resonant anomalous x-ray
dispersion of &(w) results in drastic changes of
[e1(w)—&,(w)] at the absorption edges of both the materi-
als, and thus facilitates the formation of strong TR lines at
these resonances. An absorption edge itself is instrumental in
further narrowing of TR lines.

In Sec. I we briefly review theory of TR in a lossless
periodic medium. In Sec. II, we incorporate photoabsorption
and electron scattering into TR theory by introducing appro-
priate models. The important parameters for electron scatter-
ing and photoabsorption are critical length and absorption
coefficient, respectively. The total calculated radiation in-
cludes bremsstrahlung. In Sec. III we discuss resonant peaks
of the dielectric constants at inner-shell photoabsorption
edges. In Sec. IV, we discuss selection of appropriate mate-
rials for the multilayer nanostructure for a narrow-line radia-
tion with a particular peak frequency. In Sec. V we describe
maximizing TR intensity with respect to the spatial period
and total length of the material for a given electron energy. In
Sec. VI, we present some examples with C or B as spacers,
and Eu, Ba, Ce, or Ge as radiators for generating wave-
lengths from 10 to 100 A. Finally, in Sec. VII we explore the
perspective applications of resonant TR x-ray sources, in par-
ticular, multiple-energy computed tomography.

I. TRANSITION RADIATION IN A PERIODIC
NONABSORBING MEDIUM

In the following, we assume that an electron passes
through a periodic structure composed of alternating parallel
layers with thicknesses /; and /, and dielectric constants &
and &,, respectively, in the direction normal to the inter-
faces, Fig. 1. Radiation generated when an electron crosses
each interface sums up constructively in the far-field area if
the resonant condition, Eq. (1), is satisfied. TR differential
efficiency which is defined as the number of generated TR
photons N per electron per unit solid angle Q (1 sr) per unit
interval of the TR frequency w in a multilayer system can be
expressed as [2—4,8]

d’N/dQdw=F FF;. 2)

Here F, is the differential efficiency of a single interface,
F, reflects the contribution of a single plate (i.e., of the very
first couple of adjacent interfaces), and F; represents the
coherence summation of radiation from all the periods (i.e.,
couples of individual adjacent layers [19]); all of them are
defined below.

The differential efficiency of a single interface is given by

(3]
Fi=a(BAe)’m 207G, 3

where Ae=g;—&,, a=15 is the fine structure constant,
B=v/c, and G is a radiation pattern of a single interface. If
an electron moves from material 1 into material 2, the for-
ward radiation pattern (i.e., for 0= #=< /2, where 6 is the
emission angle in radians) is as
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sinf cosf(1— B%e,— BVe,— &, sin’6)

G(ﬂ98158259):

(1—B%e, cos?6)(1— BrJe;— &, sin?6)(&; cosf+ \/8182—8% sin?6)

For backward radiation (7r/2<6<=1), one should replace
B— — B, £1<>¢&,, and #— 7— 6 in Eq. (4). In this paper, we
concentrate on TR in the x-ray domain, where |&;—1|<1.
We are also interested in the electron energies, which al-
though allowed to be in relativistic domain, are still not too
high, which is the main reason to use solid-state nanostruc-
tures; as we will see below (Sec. V), the electron energies
E required to optimize the radiation do not exceed a few
megavolts. Introducing a dimensionless electron energy:

y=(1-8>""2  [E;=mc*(y—1)]

(where m is the rest mass of the electron), we will assume
that in all the cases considered here, the electron energy is
significantly below the Cerenkov limit, y><|e;—1| 1. Al-
though ;<1 for most of the x-ray domain, and therefore the
Cerenkov radiation for the respective frequencies cannot be
excited for any electron energy, at some narrow resonances
at inner-shell photoabsorption edges (see Sec. III), &;—1
could be positive, although still small. Thus, for the energies
of interest, we can still presume that y*<|g;— 1|~ [see also
a discussion below, Eq. (8)], so that, except for 8~ /2, Eq.
(4) can readily be simplified to exclude &;:

sinf(1— B%— B cos8)

G(B,‘())ZZ(l—B2 cos*6)(1— B cos)’ ®

Near 6=m/2, the approximate Eq. (5) deviates significanly
from the exact Eq. (4).The next approximation, obtained
from Eq. (4) by introducing ¢=60—mn/2 and assuming
|p|<<7/2 and &;|<1 is

_ l¢ [(1-%)
|¢ |+ Ve?+ (e, —&,)sgn(¢)

where sgn(¢ )=1 for ¢=0 and sgn(¢ )=—1 otherwise. This
equation reveals (see inset in Fig. 2) that the factor |G|? not
only zeros out at ¢p=0 (p=7/2), as is obvious from Eq. (4)
as well, but also has a drastic feature: a narrow peak at

(/’ = ¢pk:

(6)

b~ —sgn(P) Vle1 —e,l, (6"

|G () |= v~2. For the assumed |s]|\1 ¢k is the
angle of the total 1nterna1 reflection. This interesting (yet not
broadly addressed) feature is, however, insignificant in the
context of our work, since the respective radiation, which
propagates almost parallel to the layers, contains only a
small fraction of the total TR power and can be safely ne-
glected here.

In general, the factor F, Eq. (5), depends on the emis-
sion angle 6 in a complicated way. A simpler picture of TR
ensues when both the speed of the electron and the frequency

of radiation are small, in which case the single-interface spa-.

tial factor G corresponds to a dipole radiation pattern [20]

“

with the single lobe, G=~(3)sinf. However, at S
=(\/§— 1)/2=0.618 (E;~138.7 keV; see curve 1 in Fig. 1),
it splits into two lobes, a new lobe peaking near 6=0. Figure
2 depicts |G|? versus 6, Eq. (5), for various energies E. As
electron energy increases further, the radiation concentrates
in this new lobe, which eventually gives rise to a narrow
cone with the angle of maximal radiation tending to zero.
When |g;— 1| !> 9?>1, one can further simplify G as
G~—0(y 2+ 6*)72, 6<1 (7)
so that the angle of maximum radiation iS @ yayrag
~1/( y\/?;). When the electron energy becomes sufficiently
high, such that y~2 is comparable with |Ag;|, where Ag;
=¢g;—1, Eq. (4) results, instead of Eq. (5), in the equation
G~—0[(y 2+ 60>—Ae)(y 2+ 60*—Ae,)]7Y,  0<1.
®)

If at least one of Agj;(N\) is positive for certain A’s,
YVeer=(Ag j)‘”2 is the cntlcal energy of Cerenkov radiation,
and if y>vyg,, the Cerenkov critical angle is
0ce:=V 'ygezr— v~ 2. Since in the x-ray domain this situation
can occur only at very narrow resonances at inner-shell pho-
toabsorption edges (see Sec. III), the Cerenkov radiation at
these resonances may suggest an interesting source of reso-
nant x-ray radiation (with a single material instead of layered
structure), as well as new, “Cerenkov” spectroscopy,
whereby, e.g., (A€;)ma at a specific resonance is measured
by the minimal energy 7y required to attain Cerenkov radia-
tion. The energies of a few MeV of interest to us here are far

1G|?
0.4

0.3

0.2

0.1

FIG. 2. Geometric factor |G|? for the single-interface TR [ap-
proximation, Eq. (5)] vs emission angle 6 in radians for various
electron energies £, (curve 1—E;=10 keV; curve 2, 125 keV;
curve 3, 200 keV; and curve 4, 350 keV). Exact behavior of |G|2
near 8= /2, in the region limited by the two arrows, is shown in
the inset.
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below Cerenkov critical energies (typically, a few hundred
MeV), and thus Egs. (5) and (7) can be used for our calcu-
lations throughout this paper.

The next factor in Eq. (2), F,, is attributed to coherent
summation of radiation generated at the very first couple of
adjacent interfaces [3] (sandwiching usually the denser ma-
terial), and assumes the interference pattern of two sources
with different phases (one of them due to the propagation of
the electromagnetic (EM) wave, and another due to a travers-
ing electron; note also that the amplitudes of the waves ra-
diated at these two interfaces have opposite signs due to
switch of sign of Ag at the adjacent interfaces):

(Fy);=4 sin*(l;/a;), i=1 or 2. ©)
Here i indicates which type of material makes the first layer,
/; is the thickness of that layer, and a; is a respective “trans-
formation length” of TR emitted from a single interface:

a;=(\/m) (B = e; cosh) . (10)

For y~2, |Ag;|, 6*<1, this definition reduces to a more
conventional expression

a;~2(Nm)(y 2+ 6*—Ag;) ! (10")
(see, e.g., [5]), or if [Ae;| "> y?*>1, which is typically the
case here,

a;~a,~2(N/m)(y *+6*) "L (10"")
For an optimized angle of radiation, #~y~! [see below, Eq.
(45")], we have

ay~a,~\y’/m,

e.g., for A=10 A, Ey=4.5 MeV (i.e., y=10), one has
a;~320 A. When the resonant condition (1) is satisfied, and
|Ae;|<1, the factor F,, Eq. (9), for the rth resonance re-
duces to

F,=4 sin*(mrl, /1) =4 sin®(7rl /1), 9"

such that it makes no difference which material is first in the
structure. Equations (9) and (9') indicate that the power ra-
diated in a single plate is four times as large as the power
generated at a single interface, when the interference is fully
constructive. Starting from Sec. V, we will consider only the
radiation at the first order (r=1) and always assume the
optimally fabricated nanostructures with /;=1,, such that
F,=4.

Finally, for a single electron traversing M periods, each
period consisting of two adjacent layers of alternating loss-
less materials, the multilayer factor F; for coherent summa-
tion of TR from each period is [3,8]

Fy= sin®(MX)/sin*(X), (11)
where

X=1,/a;+1,/a,=1/a, (12)
with d=()\/7r)(,8*1—e>1/2 cosf) L If y i<|Ag|<1, we
have a~a,~a,, and
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X~Im(y 2+ 6%)/\. (12"
X is a half-phase difference between each period [see Fig. 1
and Eq. (1)]. The factor F; peaks at X=ra where
r=1,2,3 ..., which results in the resonance condition, Eq.

(1).

II. PHOTOABSORPTION AND ELECTRON SCATTERING

In the preceding section we discussed TR in the absence
of the electron scattering and photoabsorption. This assump-
tion is valid only for sufficiently high electron and photon
energies. In any realistic multilayer system emitting soft-x-
ray TR, however, photoabsorption and electron scattering
significantly affect radiation. This is particularly true for a
sub-MeV electron traversing solid-state structure (especially
with high atomic numbers).

The multilayer enhancement of TR is expected only when
losses due to both the photoabsorption and electron scatter-
ing are negligible within a single layer. Thus only the
“multilayer” factor 3 can be affected by those effects; the
factors F; and F, remain intact. To account for the photoab-
sorption, we assume that the emitted field decays exponen-
tially as exp[ — z/(2 cos@)] where w=(ul+ poly)/1 is
the mean absorption coefficient, z is the distance traveled by
the photon, and @ is the emission angle. With this model for
absorption, a new factor F 3 has to be used instead of Fj
[14]:

, P=exp[—o(M—-2)+2iXs] (13)

where @, is the (normalized) contribution to the radiation
field by the sth period. Introducing the dimensionless absorp-
tion parameter, o= ul/(2 cosé), where the factor cosé in
o accounts for the longer path length traveled by radiation
due to nonzero emission angle 6, one obtains [14]

P 1+eM7—2¢7M7 cos(2MX)
37 1+4e7%29—2e7 7 cos(2X)

(14)

As expected, F3=F; when i=0. Equation (14) for F5 is
similar to the results [5,6] except for the factor cosé in G.
The electron scattering is a more complicated phenom-
enon than photoabsorption, and generally cannot be dealt
with in a similar, straightforward way, using only one param-
eter. In the simplest approximation, any electron that has
experienced a collision of any kind, whether elastic or inelas-
tic, can simply be excluded from consideration. Therefore, in
this approach, we retain for our calculations only that com-
ponent of the initially monoenergetic and parallel electron
beams that remains monoenergetic and parallel; however, the
density of this component decreases as the beam propagates
through the structure. This way, the attenuation of the elec-
tron beam is reflected only in the steadily decreasing number
of generated TR photons. Such an approach is physically
meaningful only if the probability of the scattering event is
relatively small, which is typically the case [16,21,22].
Therefore, change in TR due to electron scattering can be
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described by a single factor, transmission of electrons, 7.

This factor is then incorporated into F5 by redefining &, in
Eq. (13) as

b =T(z)exp[— (M —s5)+2iXs], (15)

with T'(z) interpreted here as the probability of an electron to
pass unscattered through a distance z. The electron transmis-
sion T as a function of the material thickness can be charac-
terized by a critical parameter L. defined as a distance at
which virtually all electrons become scattered and/or ab-
sorbed. In terms of collision losses per unit path length, dE/
dz, L.=Eq/(dE/dz) where E, is the energy of incident
electrons. For a multilayer structure, one can define L as
L .=[(dE/dz){(l1{/1)+(dE/dz),(l,/1)]. In general, there
are two major channels of collisional losses: electron-
electron (or electron-plasmon) and electron-atom collisions.
It is well known [16] that in the energy range of interest (200
keV and higher), the losses are mostly due to electron-atom
collisions. The first-principle calculations of collision loss
(dE/dz); (i=1,2) due to Bethe yield a formula [18,20,23]

dE (y—=1)*(y+1)
(dz>l~ 2amgcr,Z;8” “Ny;| In 21?
(y—1)*8—(2y—1)In2
+ v +1-p42%{, (16)

where m, is the rest mass of the electron, r,
=e?/(myc?)=2.82X10"13 cm is the classical electron ra-
dius, e is the electron charge, I;,=9.73Z,+ 58.8Zi_0‘19 eVis
the approximate ionization potential of the atom (for atomic
number Z,;>13), and N,; are the atomic number densities.
Quite a few simple empirical fits to either theoretical formu-
las such as Eq. (16) or to experimental data have been sug-
gested, e.g. [24],

T=exp[—y/(1—y)], 17)

where ¢ is a fitting parameter that depends on the material,
y=z/L is the normalized penetration depth, z is the dis-
tance traveled by the electron. Equation (17), however, does
not allow for an analytical expression for F; in Eq. (13).
Instead, we propose the equation

VT=a;—(a;—1)exp(x2), (18)

where a is a fitting parameter and y is a function of ay, e.g.,
x=—Lg"' In[2(1—a;")] for an abrupt fall of T at certain z
with 1<a;<2. A few curves representing electron transmis-
sion for various values of a, are depicted in Fig. 3. These
curves are similar to those in Fig. 5 of Ref. [24]; however, T
in the form of Eq. (18) gives us the advantage of making
analytical calculations related to the TR with Eq. (13). In
materials with high atomic numbers, electron transmission T
decreases with distance almost linearly. In our model, Eq.
(18), this property is best fitted if a;=2 and x=1/(2L,),
ie.,

2—e¥Cled | z<2L  In2 (19)

JT=

0 otherwise.
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FIG. 3. Electron transmission 7' vs normalized distance z, ac-
cording to Eq. (19). Curve 1, a;=10"° with
x= In{a;/[2(a;/—1)]}; curve 2, T=e™% curve 3, a;=2 with
x=1/(2 1n2)].

This function decreases almost linearly with distance for
most of the interval z<<L . Equations (13), (15), and (19)
yield the factor F5, which accounts for both photoabsorption
and electron scattering:

Fy=2me *M[4¢(M,0)+ $(M,0+p)
—4¢(M,0+p/2)], (20)
where M =M if p= In2, and M =2/p otherwise, and
d(u,v)=v lexp(uv)sinh(uv), o=ul/(2 cosh),
(20)
p=1/(2L,).

Equation (20) reduces to Eq. (14) when L —». If L is
significantly larger than the total length of the multilayer
structure (which is usually the case, see Sec. V), one can use
a simpler yet, exponentially decaying function to approxi-
mate T, Eq. (18), in the limit a—oo,

T=exp(—z/L). (21)

This assumption is justified by the data for dE/dz in Ref.
[16]. Consequently, instead of Eq. (20), we have a simpler
expression:

Fo=e~ M=D(y+p) cosh[M (o —p)]—cos(2MX)
} cosh(o— p) — cos(2X)

(22)

Combining the expressions in Egs. (3), (12), and (22) for
F,, F,, and F 3, respectively, we obtain the formula for the
TR differential efficiency in the presence of both the photo-
absorption and electron scattering for the rth mode:
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( d’N ) _4a(AB)?

dwd() T W

r

The rapid variation of intensity with the angle 6 in Egs. (22)
and (23) makes it meaningful to characterize the radiation
yield by intergrating Eq. (23) over a small solid angle around
6, . The spectral efficiency

dN) _Fw d’N 40
do| ~Jo \dwdQ)

can be evaluated by using the fact that the angular distribu-
tion is highly concentrated around 6= 6, :

2 : _
i}i _ 8\“a sinh(o, p)Me~M(p+a,)
dw mcl og,—p

X[|G,BAg|sin(l,7/1)]?, (24)

where o,=0(0-r), G,=G(6,). If |G| is approximated
with Eq. (5), one obtains

(dN) _2Na sinh[M(0,—p)]

A
—_— = —M(o,+p)_ 2
do/, 7 (o,—p) € I|A8‘

B sind,(1— B%— B cosb,) |2
(1— 82 cos?6,)(1— B cosb,)|

(25)

X sin?(Lyrar/1)

Choosing I,=r"1I(m+ }) where m is an integer, m<r, and
substituting resonant condition, Eq. (1), into Eq. (25), we
transform the expression to the formula that does not depend
on 6,:

,sinbl(o,— p)MIN
ag,—p l

7lAel

(dN) _ 2al
dw r—*n'zcr
Xexp[—M(o,+p)]
(r=BUN)[1—= (B~ =rN/D)?]
x 2—7BNI)?

(26)

The main mechanism competing with the TR radiative
process is bremsstrahlung. We, however, expect bremsstrah-
lung in the soft-x-ray domain (1-200 A) to be negligibly
small in the vicinity of resonant radiation peaks. Indeed, us-
ing [17,18] and taking photoabsorption into consideration,
one obtains the bremsstrahlung efficiency in the energy do-
main of interest, £,>200 keV, as

dN
o ~4Z%ar(wi) TIN,LLE In(18327 %)+ (3)]

X[1—exp(—aL)], (27)

where L is the total length of the medium. To compare the
efficiency of TR and bremsstrahlung, we introduce the nor-
malized TR efficiency as

5 |G|? sin?(Lyrar/l)e” M~ D(y+p)

cosh[M (o— p)]—cos(2MX)

cosh(o— p)—cos(2X) (23)
[
El( N ) (26")
n = Pr—— .
TR 0 dEph o

Here E is in MeV and E ;=% w is the photon energy in eV,
so that # is the number of photons generated by one electron
per 1 eV of photon energy per 1 MeV of electron energy. [It
is conventional to measure TR efficiency per 1 eV of photon
energy rather than per unit frequency as is common in
theory. Introduced in Eq. (26'), additional normalization
with respect to the electron energy addresses, in fact, the cost
of using high-energy beams.] In a typical case, L~10 pum,
A~16 A, and Ba as a radiator, Eq. (27) yields
Nu=Eq "(dNy/dE,)~107° for Eq=4.5 MeV. On the
other hand, Eq. (26) for TR at the absorption edge (see Sec.
IIT) gives 7~ 107" for the same example (see also Sec. VI),
i.e., two orders of magnitude higher. Far from absorption
edges, or when TR vanishes, however, the bremsstrahlung
radiation cannot be neglected. Although TR is much stronger
than the bremsstrahlung in the vicinity of most of the reso-
nant peaks at absorption edges, we will always account for
the bremsstrahlung contribution to the total radiation.

III. RESONANCES OF THE DIELECTRIC CONSTANT
AT THE ATOMIC X-RAY ABSORPTION EDGES

The TR differential efficiency, Eq. (3), is directly propor-
tional to |e; — &,|?; the photoabsorption coefficient i in Eq.
(20) or (22) also effects the intensity of radiation appreciably.

: \vaﬁvf\

M L K

(b)

w

FIG. 4. Typical behavior of (a) atomic scattering factor f; and
(b) atomic scattering factor f, vs frequency w.
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FIG. 5. K, L, and M absorption edge energy Zw vs atomic
number Z.

Both of these parameters undergo large change near so-
called absorption edges, i.e., at the frequencies at which the
absorption rises sharply [see Figs. 4(a) and 4(b)]. In Figs.
4(a) and 4(b) the atomic scattering factors f, [related to di-
electric constant by Eq. (33)] and f, [related to the photoab-
sorption by Eq. (34)] versus photon energy are depicted. Be-
cause of the dramatic changes in f; and f,, one must expect
a significant resonant increase of TR intensity in at absorp-
tion edges of both the materials. For each particular element,
these absorption edges, as well as related resonances of the
refractive index, are due to the photoionization of bound
electrons [25-27]. Its major feature is an almost discontinu-
ous jump of absorption u (or f,, see below) as the photon
energy approaches the binding energy of K, L, M, or N
electrons (which are called K, L, M, N absorption edges,
respectively). The most pronounced absorption edges corre-
spond to inner atomic shells. Most of the elements have at
least one absorption edge in the soft-x-ray domain. Figure 5
shows the location of K, L, and M absorption edges versus
the atomic number Z. Not reflecting splitting of L and M
shells into subshells, Fig. 5 depicts the position of absorption
edges as the energy of the subshell with the lowest binding
energy, to give a general idea of how this location depends
on Z; the other subshell energies can be found, e.g., in Refs.
[15,26].

Much less used in the physics and technology of radiation
sources is the phenomenon of a resonant anomalous disper-
sion of a real component of dielectric constant at absorption
edges, which can result in quite a drastic change of refractive
index [27]. For example, although the common notion is that
the x-ray refractive index »n is slightly smaller than unity
(which is due to the “plasma” model, see below), the reso-
nant dispersion at absorption edges can result in n being
significantly larger than 1. The anomalous x-ray dispersion
must substantially affect both Cerenkov and transition radia-
tions, since the behavior of n(w)—1 (for the Cerekov radia-
tion) or ni(w)—n3(w) (for TR) determines the very exist-
ence of these phenomena. In this section, we discuss in more
detail the theory of anomalous dispersion at absorption
edges. In the TR theory, the x-ray dielectric constant & is

usually [3,4,8,9] calculated with the so-called plasma for-
mula

g=1—(w/w)?, =12 (28)
where w;=2cVmroN,; is the plasma frequency, and N,;
(i=1,2) is the number density of free electrons. It is also
assumed [3-9] that all the atomic electrons respond to the
x-ray radiation as if they were free, i.e., N,;=Ny4;Z;, where
N,; are the number density of atoms in each medium and
Z; are atomic numbers. According to Eq. (28), the dielectric
constant from this formula does not have any resonances and
is always smaller than unity at > ;. This formula, how-
ever, is invalid at absorption edges, due to anomalous disper-
sion. One of the most drastic manifestations of the anoma-
lous dispersion is the possibility for the refractive index n in
the x-ray domain to be larger than unity at the absorption
edges [15,26,27].

To account for the anomalous dispersion, we calculate the
dielectric constant and absorption in terms of the complex
atomic scattering factor, f:

e=[1=fr.N?Ny/(2m) 2, f=f1+if, (29)
where factors f; and f, are real and can be expressed as
[15,26]

1 © p?(w?— Vz)Zq,LL (v)dv
=74 — q
h=2 2W2rec§ qu (w?— 1/2)2+1"2w4 (30)
and
1 J‘xquzszq,u,q( v)dv 31
f2-2’77'27'€C 7 v, (wZ_V2)2+1"5w4 . ( )
Here Z, is the number of g-shell electrons, u, is the cross

section for photoionization of g-shell electrons by a photon
with a frequency v, w is the frequency of the incident pho-
ton, I, is the damping factor, and w, is the threshold (i.e.,
absorption edge) frequency. I, is usually determined experi-
mentally. If damping is due to spontaneous radiation only
[26], one has

I,=Ty=2e’w,/(3moc®)=2rk,/3. (32)

Equations (30) and (31) are essentially Kramers-Kronig re-
lations for atomic scattering factors. Each bound electron in
an atom can be treated as an oscillator and the summation of
the scattering factors from each electron gives the resulting
atomic scattering factor in Egs. (30) and (31). Far from ab-
sorption edges, Egs. (30) and (31) can be reduced to

1 =12 u,(v)dv
h=z+ 2alr cfo w*—v? (33)
fr=mop(w)/(47r.c), (34)

where u,=u/(Ny)=Zpu,Z, is the atomic cross section.
Even in this simplified form, f, departs significantly from the
atomic number Z, i.e., from “plasma formula,” Eq. (28),
with N,=ZNy,. Since usually f1>1 and
1>r,\2N4f,/(2m), we can further simplify Eq. (29) as
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e~1—a"1r N2N,f,. (35)

Equation (35) coincides with Eq. (28) if we replace plasma
frequency w; with the parameter o, where w,;
=2c~\mr.Ny;f;;. With experimental and theoretical data for
atomic scattering factors in Ref. [15], we can readily evalu-
ate the absorption coefficient and dielectric constant with
Eqgs. (33) and (34), and make the following observations. As
expected, we find f;~Z at the frequencies above the K edge
since all the electrons can then be considered as free. K
edges of the elements with Z=1 to 4 lie below 0.2 keV, Fig.
5; therefore, we can evaluate their dielectric constants for
photon energy E,;,>0.2 keV, using the plasma frequency
w;. Since, however, many absorption edges of high-Z ele-
ments fall within the soft-x-ray domain, as depicted in Fig. 5,
Eq. (35) has to be used now for calculating the dielectric
constant. Due to anomalous dispersion, this constant can be
larger than unity near the absorption edges.

To evaluate x-ray dispersion near absorption edges, we
will use, instead of plasma formula, atomic scattering fac-
tors. Following Ref. [26], in particular assuming

g~ (v/wg)Pa for v<w,, (36)

where 2<<p,<3 for most shells and frequencies, we rewrite
Eq. (30) in the form

f1=§q‘, Z,Re(J,), q=K,L,... (37)

where

. 1 2J°° dx
a= Py 1s 1 qu(sz—xz—insz) ’

s=wl/og, x=v/iw,. (38)
For K electrons, whereby px~3 [26], we find
1 | (s2—1)2+T7?]
Re(Jg)~1+ F n —'i+—1;2— , (39)
whereas for L electrons, p; ~2, we find
Re(,)~1+ —— 1 =D F /4] 40
T (TS )

For M electrons, p,,~2.5 [24,25]; calculations for this and
some other fractional values of p, 2<<p <3, yield much more
complicated results [26] compared with Egs. (39) and (40).
At this point, however, such complications of p factor do not
seem very imperative. We will assume here p=2 and use Eq.
(40) for all the shells other than the K shell (thus slightly
underestimating the magnitude |f;|, and, therefore, the maxi-
mum TR intensity).

The photoionization gives rise to sharp resonances only
when electrons are removed from the inner shells. Therefore,
K shells can be used for any element beginning from Z =3,
i.e., from lithium whose K-absorption edge corresponds to
Ag=226.5 A; Ak decreases as Z increases. The L shells can
be used beginning from Z=14 (silicon, with the
L-absorption edge at A\; ~123 A), M shells beginning from

0.6 -
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FIG. 6. Normalized TR efficiency # in number of photons per
electron per 1 eV photon energy per 1 MeV electron energy vs
photon energy 7w in keV: Be/Ba nanostructure, £y=1 MeV. The
curve in the solid line is calculated with the plasma frequency for-
mula, Eq. (28), while the curve in the dashed line is calculated with
the atomic scattering factors, Eq. (35).

Z=48 (cadmium, with \,,~28.13 A), and N shells begin-
ning from Z =58 (cerium, with \ 5y~ 100 A; in this particular
case, the N-shell resonance according to data [15] becomes
very sharp even before the N shell is completely filled up).
For all these cases, at the absorption edge, according to Egs.
(37)-(40), f1 can be written approximately as

f1=Z—-A+ B[] (0/w,)—1], (41)

where A,=0, 2, 10, 28 and B,=2, 8, 18, 32, for the K, L,
M, and N shells, respectively. We have evaluated TR for a
few specific combinations of materials using Egs. (33)—(37)
(see Sec. VI). Although the increment Dg4 is not very well
defined for L, M, or N shells, the total error in the peak
intensity of radiation with p=2 should not exceed 10-20 %.
We have not accounted for the splitting of the higher shells
(L,M,N) into subshells, which should reduce the resonance
peak of |f;| and therefore the peak intensity of the TR. Fur-
ther calculations are required for these shells; it should be
noted, however, that the peak resonant magnitude of f;, Egs.
(39) or (40), is insensitive to deviations of I from purely
radiation damping, Eq. (32), since this magnitude at the point
of resonance, s=1, depends on I"' as ~1InI".

By the very nature of absorption edges, the absorption is
weak at the frequencies just below an absorption edge, and
strong just above it. This leads to the further narrowing of a
resonant line of the TR, since almost half of the resonant line
originated by the resonance of the refractive index is cut off
by a change of absorption [the intensity of radiation depends
on u as exp(— al)]. The resulting narrow peaks are shown
by the dashed curve in Fig. 6; for comparison, the spectral
distribution from calculation with plasma frequency is shown
by the solid curve. One can see that more narrow peaks occur
in the dashed curve calculated with atomic scattering factor

f, Eq. (35).
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IV. SELECTION OF MATERIAL COUPLES
FOR NARROW-LINE TR

Although the proposed technique can be used to generate
broad-spectrum radiation in the entire x-ray domain, the
most efficient use of the TR in solid-state nanostructures is to
generate narrow-line x-ray radiation at the absorption edges
of components, where dielectric constant & changes drasti-
cally. The idea is that for each desired frequency, one of the
materials is chosen to have its absorption edge in the close
vicinity of that frequency. We will call such layers “radia-
tors.” The alternating material must then be chosen to have
its absorption edges far from that frequency; we will call
such layers ““spacers.” Another requirement for the spacer is
that its absorption at the desired frequency be weak. This
brings us to the condition that for most of the TR frequencies
the spacer must be a light element with a low atomic number.
Yet another, ““technological” requirement for each material is
its ability to form stable layers with smooth surfaces. All
these requirements single out the “island of light
elements’—the three light elements B, Be, and C—as the
best potential spacers. It is worth noting that C is conven-
tionally used in x-ray multilayer mirrors [13].

We illustrate selecting absorption edges for radiators us-
ing Fig. 5 where the photon energies of K, M, L absorption
edges are plotted against the atomic number of elements (the
data are taken from Ref. [15]). One can see that for photon
energy up to 2 keV, a radiator can be chosen from K, L, or
M branches. The further selection of one of these branches is
based on the ‘absorption factor as well as the dielectric con-
stant factor (g, — €,). At photon energy higher than ~0.3
keV (A<44 A), the rule of thumb is to choose the heaviest
element as the radiator because its dielectric constant differs
most from that of the light spacer. To illustrate that, consider
a photon energy ~0.88 keV (with A~14 A). One can see
from Fig. 5 that the radiator candidates are Ni and Ce (leav-
ing aside Ne as a gas), Ce being best. In general, a radiator
must be selected by an optimization process (see the next
section). A typical example of narrow TR spectra is shown in
Fig. 10 for nanostructures with Ba as the radiator and Be or
C as the spacer (see more detailed discussion in Sec. VI).

The above described procedure enables one to select
couples of heavy (radiator) and light (spacer) materials for
relatively high photon energies, or short wavelengths (down
to a few angstroms or even shorter). At the lower photon
energies, however, a light element may become a good ra-
diator too. Consider an example when the desired photon
energy is 113 eV (A=~110 A). One can see from Fig. 5 that
radiator candidates are Be (K shell), Al (L shell), and Rb (M
shell). Since at low photon energy the absorption is stronger
for the higher atomic number, Be is the best candidate. It is
obvious, therefore, that in order to design a narrow-line
radiator for longer wavelengths (=44 A) one has to use
couples of two materials out of the “island of light ele-
ments,” i.e., B, Be, or C. A combination of any two of these
materials will radiate at two wavelengths (energies) out of
the three: 43.68 A (284.84 eV) for C, 66.0 A (188.0 V) for
B, and 111.0 A (111.7 eV) for Be. Which one of these two
lines is stronger depends on the design of the system (see the
next section). The electron energy required for these struc-
tures is very low, from 200-300 keV to 1 MeV.
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V. OPTIMIZATION PROCEDURE

Provided that the materials for both the radiator and
spacer have been selected, the next step in designing an ef-
ficient radiation system is to choose the geometry of the
nanostructure (the spatial period and total length) to maxi-
mize TR intensity for a given frequency and electron energy.
Such a procedure should also determine the spatial angle of
the maximum TR intensity. In this section we outline the
approach for evaluating the optimal spatial period / ., and
the optimal total length L, (or the optimal total number of
layers, M o) required to obtain maximum radiation. We will
also discuss (i) the minimum electron energy below which
the power of radiation is severely limited by electron scatter-
ing, and (ii) the maximum (“ceiling’’) electron energy, which
is due to the photoabsorption.

In this section we consider only the main spatial mode,
r=1 [note that the TR power decreases as r*, Eq. (26)] and
choose [;=1,=1/2, so that in Eq. (25), sin?(#l,/l)=1. We
use Eq. (25) or (26) to evaluate the spectral efficiency
dN/dw as a function of the spatial period, /, and the number
of layers M for a given wavelength A and electron energy
EO .

Note first that due to the very nature of resonant TR, the
TR differential efficiency, Eq. (2), is factorized in such a way
that the total length L (or the total number of layers M)
affects only one factor, F5, in Eq. (2) [see Eq. (11) and Sec.
II]. This allows us to optimize the TR differential efficiency
with respect to L or M, using only that factor. Using here
spectral efficiency, dN/d w [see Egs. (24)—(27)], we separate
out a resonant enhancement factor

P=20 sinh[(o—p)M]exp[—M(oc+p)]/(c—p)

in Eq. (25) or (26), which is due to factor F3 of Eq. (2),
optimize it with respect to M, and obtain the optimal number
of layers M, as

Moptzln(O'/P)/Z(O'_P), Lopt: lMopt, (42)

and

Poy=(pla)PloP), (42)
(Be reminded that o= /2] cos@ and p=1/2L..) The exist-
ence of a maximum in the TR efficiency at a certain (opti-
mal) total length is evident from Fig. 7, which depicts the
variation of radiation efficiency with the total length L =M.
This maximum is explained by the competition of two fac-
tors: the photoabsorption which gives rise to the saturation of
the TR efficiency at a short length L~1/x, and the electron
scattering which takes over at L=~L_ so that TR drops
abruptly when L>L . Figure 7 shows that the effect of the
photoabsorption is stronger than the effect of the electron
scattering since the absorption length &2~ ! is of the order of
a micrometer [15] while the critical length L, is of the order
of a millimeter [16] for Eq~1 MeV and A~10 A. The pho-
toabsorption is even stronger in materials with high atomic
numbers [15]. Thus, typically, o>p, and since also
cosf~1, Eq. (42) can be written as

(42")

Mop~In(pl o)/ pl,  Loy=In(@L o)/ .
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FIG. 7. Normalized TR efficiency # vs the length of the radiat-
ing structure, L, in m at A~17 A for the combination of Be/Ba at
various electron energies E (curve 1, Ey=4 MeV;, curve 2, 3 MeV;
curve 3, 2 MeV; curve 4, 1 MeV; and curve 5, 0.5 MeV).

In the periodic structure with optimized number of layers,
M=M,,, the spectral efficiency, Eq. (25) or (26), is

dN 2 -\—1 2
d—w _1=(27T C#’) a|A8] Potha (43)
where
3 sin@,(1— B>— B cosb,)]?
Q =cosb, (1= cos20,) . (44)

These equations allow one to further optimize the spectral
efficiency with respect to the resonant angle 6, or spatial
period [, which are related to each other by Eq. (1). In the
typical case of photoabsorption dominating over electron
scattering, o> p, we have P, ~1[see Fig. 8(c)], and 6, or [
affect only the factor Q. The numerically calculated ratio
lopt/N that optimizes Q, and respective Q , versus the en-
ergy of the electron beam, Ey=mc?(y—1), are shown in
Fig. 8(a). For sufficiently high electron energy
[¥*>1,0i<1\/I~(6?+y 2)/2<1], the factor Q is ap-
proximated by a very simple formula:

i 11 ! 45
QNWN:A 2N ) (45)

Examination of Eq. (45) and Fig. 8(a) shows that for suffi-
ciently high electron energy (e.g., Eq>1 MeV), optimized
factor Q. and respective I, (and 6,) are

IOpl/)\ ~ 72’ Qopt~ 72/47

Comparing Eq. (45) for [, with Egs. (10)—(10"), it is easy
to see the connection between [/, with the transformation
length a;,

aoptw ’y‘ ! . (45’)

~ o) A2
Lopt™ Taop~=Ny".

For a fixed spatial period, as the electron energy increases,
Q saturates [8] after QO is reached. In Fig. 8(b), the emis-
sion angle 6, for optimal structure is ~1 rad for £;,<<100
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keV. After a drastic drop at E;~200 keV, 6, reduces to
~0.03 rad at E,~100 MeV. Abrupt changes (jumps) in [,
and Q . near £(~200 keV are caused by the splitting of the
radiation pattern G into two lobes at Ey=138.7 keV (see
Sec. I and Fig. 2). Estimated energy at which the splitting
appears first, differs somewhat from the location of the jump
in Figs. 8(a) and 8(b) since that estimate is obtained under
the assumption of zero emission angle #. The factor P, vs
p/o in Egs. (43) and (44) is plotted in Fig. 8(c). P, is close
to unity for o> p and to zero for p> o. Typically, o> p, so
that Eq. (43) reduces to

dN
1o = (@27 [As (V)P0 (0)/ a(N), (46)

useful for practical purposes; or, when E¢>1 MeV,

dN
E*(Za/wzc)map/'yz,&.

(46")

Let us discuss the maximal possible energy (““ceiling”) of
an electron, which is imposed by the photoabsorption and
electron scattering. It is obvious from the preceding discus-
sion that it is meaningless to use a structure with
M>M o, or L>L . On the other hand, in order to still
have a multilayer structure with, say, M =10, one has to
impose the critical condition for the maximum spatial period
of the nanostructure, /<L,/10. Using this consideration as
well as Eq. (45") for /=1, we obtain the ceiling of the
required electron energy as

s Yopt= In( L cr)/lo)\[l, 47)

For typical values of 47! um and L,~1 mm at A~10 A
we obtain y=~26.5, i.e., (Eg)¢~ 13 MeV. This is the highest
meaningful energy to be used in this case; the energies lower
by a factor of 2 are still close to the optimal regime. These
energies are within reach of many readily available small-
scale accelerators. (Note also that these energies are far be-
low the critical Cerenkov energy in the x-ray domain.) At
higher photon energies, e.g., #w~30 keV (A~0.4 A), as in
Sec. VII, & can decrease by almost two orders of magnitude,
which would allow for higher electron energies.

The minimum electron energy required to obtain appre-
ciable TR intensity is achieved when the electron scattering
results in the same losses as photoabsorption does, i.e., when
L ,=1/um. Typically, 1/u is of the order of micrometers
at A\~10 A (see Fig. 9 that shows critical length versus elec-
tron energy for various combinations of materials). The criti-
cal length L, is, however, not the best parameter for com-
parison with the photoabsorption length, since L,
corresponds to a completely vanishing electron beam. In-
stead, the quantity L /e would be a more reasonable refer-
ence scale for such a purpose. For example, when L /e~5
um=~1/p, Eq~70-100 keV can be regarded as the mini-
mum required energy; above this energy, the photoabsorption
dominates over electron scattering. It is also worth noting
that the radiation pattern changes rapidly (see Sec. I) in the
same range of electron energy.
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FIG. 8. (a) Optimal normalized spatial period /,, /N (dashed
line), and parameters Q opt (solid line) and y? (dotted line) vs the
incident electron beam energy E,, (b) emission angle 6, in radians
vs E,, and (c) the factor P, vs p/o.
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FIG. 9. Critical length L in cm vs incident electron energy
E, in MeV for the following combinations: curve 1, C/Ba; curve 2,
C/Eu and C/Ge; and curve 3, C/Ta.

VI. EXAMPLES OF MATERIAL COUPLES

In this section we consider some material couples to illus-
trate designing periodic nanostructures for efficient genera-
tion of narrow-line TR. In these examples, the spacer is made
of carbon (C) or beryllium (Be). The advantage of C is its
surface smoothness and stable boundary separation, while
Be, with its K edge being at sufficiently low energy, has low
absorption losses in the soft-x-ray domain; the K edges of C
and Be are at 0.283 and 0.111 keV, respectively. For the sake
of illustration, we choose barium (Ba), cerium (Ce), eu-
ropium (Eu), and germanium (Ge) as radiators. In general,
the choice of a radiator depends on the frequency range de-
sired (see Sec. IV). The absorption edges of Ge, Ba, Ce, and
Eu are at 1.217 keV (L edge), 0.780 keV (M edge), 0.883
keV (M edge), and 1.127 keV (M edge), respectively. These
elements with high atomic number have large f; and f, fac-
tors compared to those of elements with low atomic number.
The results of the previous sections indicate that in a soft-x-
ray domain the TR spectra density should have two peaks.
The low-frequency peak is due to the component with low
atomic number (a spacer), while the high-frequency peak is
due to the component with higher atomic number (a radia-
tor). For TR to be much stronger than bremsstrahlung, in our
examples we choose the electron beam energy to be 4.5
MeV; such energy is readily available from commercial elec-
tron accelerating devices, see Sec. VIL

Figure 10 depicts radiation efficiency 7= ntg+ 7y, versus
photon energy for the typical nanostructures Be/Ba and
C/Ba. TR from each structure is optimized at the absorption
edge frequency of the radiator, Ba. Since the TR peaks are
very narrow, Fig. 10 depicts only the portion of each spec-
trum near the radiator absorption edge, where we used Eq.
(41) for f;. It is obvious that the spectrum peaks at the
radiator absorption edge frequency. The location of the high-
frequency peak does not depend on tie choice of the spacer,
whereas this choice affects the intensity of radiation. We no-
tice that the structure with the Be spacer shows higher radia-
tion peak, which is due to larger |Ae|. Since the TR intensity
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FIG. 10. Normalized radiation efficiency 7= 5 g+ 7, Wwith
bremsstrahlung radiation included, in number of photons per elec-
tron per 1 eV photon energy per 1 MeV electron energy vs photon
energy #i w in keV, for the nanostructures made of (a) Be/Ba, and (b)
Be/C. Ey=4.5 MeV, and the spatial period / and total length L are
optimized at the Ba absorption edge.

is proportional to |Ae|? which decreases as w increases, the
high-frequency peaks are lower than the low-frequency
peaks. Similarly, we expect the lower-frequency TR in the
light elements to be stronger than high-frequency TR in
heavier elements. We also notice the abrupt decrease of TR
above the absorption edge, which is due to the discontinuous
jump of absorption.

The optimal parameters (total length L of the structure
and its spatial period /) required to attain the maximum ra-
diation for the C/Ba, C/Ce, C/Eu, and C/Ge nanostructures
are listed in Table I along with radiation efficiency for TR,
71r > and bremsstrahlung, 7,,, and in Table II for the Be/Ba,
Be/Ce, Be/Eu, and Be/Ge structures. The parameters L and /
for the structures in Tables I and II correspond to those used
in Fig. 10, i.e., to the structures optimized for the absorption
edge of the heavier element. The emission angle which de-
pends on the electron beam energy is approximately 0.573°
for the case of Ey=4.5 MeV. For example, if the resonant
peak of radiation at the wavelength A\=17 A is desired, we
select the C/Ba structure and obtain its optimal parameters as
[~1400 A with equally spaced layers, and L opt™~9 pm at
Ey=4.5 MeV. It is important to note that TR is two to three
orders of magnitude stronger than the bremsstrahlung, whose
contribution, therefore, can be neglected here.

When comparing our results, Tables I and II, with other
results on TR, which are typically expressed (see, e.g., [5,6])
in terms of the number of photons per electron per sr, one
should multiply # by E, in MeV (that is, by 4.5) and divide
it by a very small spatial angle of emission; see Eq. (48)
below. This would transform, e.g., 7r~3.37X10"° from
the first line of Table I into 0.3 photon/(electron X sr), which
is substantially larger than the respective number obtained
for nonoptimal structures experimented with so far [5,6].

An important practical question, which of the prospective
pairs “‘radiator-spacer” can be technically realized, is outside
the scope of this paper. It is important to notice, though, that
multilayers that we considered, carbon and boron, have al-
ready been synthesized, and, furthermore, there is a reason to
believe ‘“‘that multilayers may be synthesized using a large
fraction of the ninety-two naturally occurring elements for
technical purposes” [13(b)].

VII. RESONANT TR SOURCES: POTENTIALS
FOR APPLICATIONS

In this section we briefly address prospects for practical
applications of resonant TR. We will do it by comparing its
characteristics with those of x-ray sources already in use; in
such a way, we will be able to arrive at some conclusions
while not going into specific design (optics, etc.) of an ap-
plication. The most common characteristic used to compare
x-ray sources, as far as their applications are concerned, is
spectral brightness B usually defined as the number of gen-
erated photons per second per 1 mm? source surface per 1
mrad? spatial angle in 1077 relative bandwidth [28] (almost
as often, By is referred to as spectral brilliance [29]). Since
TR is confined to the close vicinity, §#<€1, of the resonant
emission angle ~ 6, (we consider here only the lowest TR
mode, r=1), the small angle 66 is determined by the reso-
nant factor F5, Egs. (11) and (14). Using Eq. (11) for sim-
plicity, one can see that most of TR with =1 would propa-
gate within |X(8)— 7|< \/E/M; thus the range of emission
angles for this TR mode is 86~ (2\2/70,_1)(A/L o). The
respective spatial angle of emission, (), is

Q=27 sinfd §~4\2N/L o, (48)

B can then be related to the TR normalized efficiency 7,
Eq. (26"), as

Bs=10"(8w/)(L oy /N)Eq7J (49)

where dw/w is the relative bandwidth of the resonant TR
(typically ~10~3 for the examples in Tables I and II, see

TABLE 1. The optimal spatial period / , radiation efficiency of TR 7y and of bremsstrahlung 7,,, and
optimal total length L for nanostructures made of Be/Ge, Be/Ce, Be/Ba, or Be/Eu at the TR peaks related
to an absorption edge of the heavier element in each combination (the L edge for Ge, and M edges for the Ba,
Ce, and Eu). Ey=4.5 MeV, the emission angle #;=0.573°.

Radiator A (A) Lo, (A) L gpi (pam) 71R Mo

Ba 16.90 (0.780 keV) 1329 13.8 3.37x107° 4.75x107°
Ce 14.04 (0.883 keV) 1269 7.2 1.80x 107 417x107°
Eu 11.00 (1.127 keV) 979 11.3 7.72%1077 4.50x107°
Ge 10.19 (1.217 keV) 988 10.2 1.33X10°° 2.24%x107°
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TABLE II. The same as in Table I except that in each material couple Be is replaced with C.

Radiator A (A) lopt (A) L opt (,u,m) 7TR Tor

Ba 16.90 (0.780 keV) 1396 9.07 2.21x107° 3.19x107°
Ce 14.04 (0.883 keV) 1297 5.97 1.57x107° 3.55x107°
Eu 11.00 (1.127 keV) 982 9.48 7.17x1077 3.90x107°
Ge 10.19 (1.217 keV) 993 9.01 1.26x 1076 2.09%107°

Fig. 10), E, is the electron energy in MeV, and J is the
electron current density in A/mm?. For a Ba/Be multilayer
nanostructure optimized at A\~16 A for a 4.5-MeV electron
beam (see Table I), Eq. (49) yields Bg=~1.3X10!! J photon
s” ! mrad™? mm~?2 (0.1% bandwidth). Commercially avail-
able small-scale electron accelerators readily generate 0.5—
4.5-MeV electron beams with dc of up to 100 mA (e.g.,
Dynamitron manufactured for electron processing of materi-
als), or with pulse currents of up to 10 A in 1-10-us pulses
with a kHz repetition rate (rf accelerators used in radiation
therapy) [30]. Since their beam diameter varies usually from
1 mm? to a few cm?, dc densities of a few A/mm? or pulse
current densities of a few hundred A/mm? are readily avail-
able from these accelerators. With such current densities,
resonant TR multilayers would provide the average Bg of
10°-10'"—much higher, in this spectral range, than the
brightness of x-ray tube lines (~10°%) or bremsstrahlung
sources (~ 10°), and on a par with the average brightness of
x rays from laser-produced plasma (LPP) (10°-10'%) (see,
e.g., [28,30]). Therefore, multilayer TR radiators optimized
at absorption edges could be among the brightest laboratory
(nonsynchrotron) x-ray sources, and compete with LPP in
applications to, e.g., scanning X-ray microscopy.

A very promising application of multilayer TR generators
could be expected in computed tomography (CT). Ongoing
research on CT using synchrotron radiation (see, e.g., [31])
demonstrates a number of advantages of synchrotron radia-
tion over commonly used x-ray tubes. In particular, by taking
two images at the two energies bracketing the K edge of
iodine (33.17 keV), one can achieve very high contrast; this
is called multiple-energy CT (MECT) [31]. Energy spread
(linewidth) of the imaging x-ray beam should be sufficiently
small, preferably ~0.1%. An experimental MECT system
[31] employs the photon flux of ~2X10® photons/s with
Ep, near the iodine K edge. Although all the particular ex-
amples of radiating structures given so far have been opti-
mized to radiate at photon energies near 1 keV, the TR pho-
ton energy of tens of keV is well within the scope of our
consideration.

To bracket the K edge of iodine, one could use, e.g., Ba
(K edge at 35.41 keV) and Te (31.81 keV) as radiators. The
Ba K edge is not the closest to iodine’s from above, but
closer elements Xe and Cs do not seem appropriate for a
multilayer; however, Ba will provide enough contrast, since
the absorption coefficient of I at the Ba K edge is four times
larger than at the Te K edge [32]. The pilot experiments can
be done by using two separate nanostructures, e.g., Ba/C and
Te/C. Our estimates based on the results of Secs. II and 111,
and using electron energy £,~9.5 MeV (i.e., y~10), and
wavelength ~0.375 A, give an optimal spatial period, Egs.

(45"), of lopt=)\y2~150 A; using the data [15,16,32] for
Ba/C, 1~30 cm™~! and L.~2 cm, we obtain the optimal
number of layers, Eq. (42”), of M ,,~0.9X10°, which cor-
responds to an L ~ 1.4 mm thick nanostructure. Our estimates
also show that one may expect the photon flux to be of the
same order of magnitude (or even larger) as the flux given in
Tables I and II, and therefore sufficient for an experimental
MECT system.

Interestingly, since for this particular application we need
the radiation at two frequencies that are relatively close to
each other, we can have the advantage of combining both
radiators, Ba and Te, into one nanostructure (without “idle”
spacers like B, Be, or C), which could then be optimized for
both lines simultaneously. The disadvantage of such a com-
bination will be that since the K shell of Te is at a longer
wavelength than that of Ba, the radiation at the Ba K shell
will be on the strongly absorbing side of the absorption edge
of Te (while the Te K-shell line will be on the weakly ab-
sorbing side of the absorption edge of Ba). However, our
estimates show that even so, this structure can have a radia-
tion output of the same order of magnitude, with the
optimized parameters being /o~ 145 A M opt~ 4 X 10*, and
L ;p~0.6 mm.

One of the issues to be addressed in more detailed future
research is possible damage to a nanostructure, which can be
caused by both electron beam and generated x rays, with the
former being usually much more relevant. We estimated,
however, using [33], that the electron energy loss would be
of the order of 1072 eV per atom for J~1 A/cm? in a 1-
ms pulse, which seems insignificant. Our estimates indicate,
therefore, that TR radiation based on a solid-state nanostruc-
ture source for MECT systems can be potentially competitive
with synchrotron radiation while being possibly much more
affordable for a hospital or university. .

CONCLUSIONS

We investigate the role of photoabsorption and electron
scattering in x-ray TR emission by low-energy electrons in
solid-state multilayer nanostructures. We showed that elec-
tron energy from ~200 keV to a few MeV is sufficient to
generate narrow-line TR with a relative linewidth
~1073-10"* in a nanostructure with a spatial period 100—
1500 A. We formulated the principle for selecting appropri-
ate materials for both radiator and spacer to obtain narrow-
line TR due to resonant anomalous dispersion of the
refractive index at absorption atomic edges of various ele-
ments. We developed a procedure of designing nanostruc-
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tures to generate maximum TR at a desired frequency,
whereby the optimal spatial period, total length, and resonant
angle are evaluated. Expected narrow linewidth and highly
directional and very bright output could make nanostructures
a competitive and possible much more affordable alternative

to other x-ray sources for a number of applications in tech-
nology and medicine.
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